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L= Introduction

In this paper the relationships between three geodetic datums and the
new Smithsonian Astrophysical Observatory's Standard Earth (determined by
Gaposchkin and Lambeck [1]) have been established through comparisons of
coordinates of stations tied to both the global geocentric system and the respec-
tive datum. The datums considered are the North American Datum of 1927
(NAD), the European Datum of 1950 (EUR), and the Provisional South
American Datum of 1956 (SAD). For the NAD 12 stations were used, for
EUR 7 stations, and for SAD 3 stations. For several other datums one or
two stations are available for determining at least the translation of the
datum, but it has been found that these elements are not representative of

the entire datum. These datums are not discussed further here.

&:.2 The Method

The geodetic datum is usually defined by the coordinates adopted at the
origin, and in such a definition the minor axis of the reference ellipsoid will
generally be considered parallel to the earth's rotation axis if Laplace's

condition at the origin and elsewhere has been satisfied.

A more practical definition of the geodetic coordinate system is by the
coordinate values of the physical points in the geodetic net. If the computa-
tions have been carried out rigorously, the geoidal heights are known at all

points, and all observations have been reduced to a consistent pole; these
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two definitions are essentially the same, but these conditions are not always
satisfied. In particular, a knowledge of the propagation of systematic or
model errors through the net is often unavailable. Thus, the distortions
introduced may manifest themselves as rotations of the geodetic system with
respect to the earth's rotation axis, and rotation elements should be intro-

duced into the transformation between the two systems.

If the geocentric coordinates of a point Pj are denoted by XJ.YJ.ZJ.; the
geodetic cartesian coordinates of the same point by ijjzj; the translation
between the two systems by AX, AY, AZ; the rotations by the Euler angles
by w, ¥, € (where w, {, ¢ are positive when rotations from the geodetic to the
geocentric systems are anticlockwise); and the scale difference between the

two systems by AL — then

X AX 1 w -y x
= AY + (1 + AL) -w 1 € v . (1)
Z/. AZ o -e 1 z/.
J J

Each station with coordinates in both systems provides such a set of equations,

and the seven transformation elements are estimated from the combined sets.

Both sets of coordinates are stochastic quantities, so that equation (1)

must be written as
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where ¢ €
=X’ —x

If G is the covariance matrix of the X and g is the covariance matrix of the

are corrections to the functions of observed quantities X, x.

%, the covariance matrix used in the adjustment of the above expression is
<G 0
0 g

The latitudes, longitudes, and heights of stations in the global cartesian
reference system can be computed for a defined geocentric reference ellipsoid.
Thus, the coordinates of the origin of a geodetic datum (¢D )\D HD) when
transformed into the global system by using equation (1) and converted to
ellipsoidal coordinates ((1)CT )\G HG) give the corrections to the deflections of
the vertical (6¢ = ¢G - d)D), 61 = cos ¢ ()\G ~ )\D), OH = (HG - HD) adopted at
the datum origin. Inthis paper, the geocentric ellipsoid of reference has

a flattening of 1/298.25 and a semimajor axis of 6,378,155 m.

In the subsequent analyses, the relationships between various datums
and the recent Smithsonian Astrophysical Observatory's global reference
system (Gaposchkin and Lambeck [1]) have been established by use of the
above transformation formula. This global solution is a combination of
results obtained by the dynamic and the geometric methods of satellite
geodesy, data obtained from an analysis of deep-space probes, and surface-
gravity measurements. The parameters solved for include the geocentric
coordinates of 39 stations with an accuracy generally better than 10 m. The
scale of the global solution is defined by GM = 3, 986013 X 1020 c:rn3 sec"2
and the orientation by the mean pole of 1903-1905, the UT-1 of Bureau

>

International de 1'Heure, and the polar-motion data of the International
Polar Motion Service. The GM value corresponds to a velocity of light
of 2. 997925 X 10lo cm sec"l

3.— North American Datum (1927)
e g N N W I U P

A total of 12 stations tied to the North American Datum have been used.
Table 1 lists the stations and their coordinates in the two coordinate systems.
All geoid heights have been estimated from the astrogeoid map of Fischer

et al. [2].




The covariance matrix derived from the combination solution is used
for accuracy estimates of _)gj, __Y_j, Z—j' Fig. 1 gives the error ellipses for

the station coordinates, although the full matrix is used in the adjustment.

Accuracy estimates for the 1927 adjustment of North America are given
by Simmons [3] in the form of loop closures of the sections forming the loops
after the junction positions have been adopted. These have been used to
derive the covariance matrix (Table 2) for the horizontal coordinates. The
accuracy at any one station has been assumed equal in all directions (Fig. 2).
The accuracies of the distances between pairs of stations derived from this
matrix are essentially in agreement with the empirical formulation of
Simmons; that is, the proportional accuracy is of the order of 1 in

20, 000 1\/[1 /3, where M is the distance in miles.

Accuracy estimates of the heights of the stations above the ellipsoid
(Table 2) are based on the analyses of the 35th parallel geoid section and the
central United States sections by Rice [4,5], as well as on recent results
obtained by the U.S. Coast and Geodetic Survey (unpublished). No correlation

between height and horizontal positions has been assumed.
Results

The solution for the seven parameters gives the following results:

AX = -31.8+8.0m w= -0'"04 + 0!'27
AY = 178.0% 12.2 m Y= -0!'32 £ 0!'27
AZ = 177.6 £ 11.9m ¢ = -0!"53 + 035
AL = (3.4 % 1.8) X 10’6

2
The variance of unit weight oy

freedom, FO. 95,29, 0 = 1.46.

is given as 1. 07, and with 29 degrees of



The corrections to the coordinates are given in Fig. 1, and the correc-
tions to the geodetic coordinates in Fig. 2. The covariance matrix of the
adjusted station coordinates, referred to the geocentric reference system,

shows little correlation between the components of the various stations.

The angle 6\ between the XZ and xz planes is related to the orientation
elements by (Bursa [6])

2 2
€

oh = (02 + 2y L2 -

) -0!'53 + 0'50 ,

the axis being to the east of the X axis. Similarly, the angle 6 between the
two rotation axes is given by

1/2 _

5B = (£ + %) 0162 £ 050

in a direction about 35° west of Greenwich (Fig. 3).

Relating the Meades Ranch origin on the Clarke ellipsoid to the earth-
centered ellipsoid by use of the above transformation elements gives the
following corrections to the deflections of the vertical adopted for the datum

origin:
£ = -0!'02 £ 0'10 n = -11'"60 £ 011 H=-42.2m + 3.3

The value for AL expresses the scale difference between the two sys-

tems and indicates that the NAD 1927 is smaller than the global solution by
6
3.4in10".

The corrections to the NAD coordinates (Fig. 2) indicate a possible
systematic error in latitude for stations in the northeastern part of the U. S.

of about 5 to 7 m.



Because of the smallness of the three rotation elements, a second adjust-
ment has been made on the assumption that the two coordinate systems are

parallel. The results are

AX = -25.8+ 3.5 m AL:(3.1¢1.9)><10‘6
AY = 168.1+9.7m 0'(2)=1.08
AZ = 167.3+ 7.4 m

The difference between the two sets of transformation elements is
marginal, and they yield almost identical results when used to transform
coordinates from NAD to the geocentric system or vice versa, indicating
that, within the limits of the accuracies discussed here, there are no serious
distortions in NAD 1927. In view of the way the NAD was computed — first
by adjusting the western half and then by tying the other parts to it while

keeping this block fixed — this conclusion is somewhat surprising.

Bursa [7,8] and Veis [9 ,10] have both given solutions for the relation-
ship between the NAD and from satellite-determined reference systems.
Their results are generally inconclusive because of the few stations available.
Bursa [8], for example, used observations from stations 9001, 9007, 9009,
and 9010 as well as some GIMRADA data to estimate rotation elements, but
two of these stations, 9007 and 9009, are in South America and only loosely
tied to NAD 1927. A recent solution by Lambeck [11] gives results similar
to the present solution using coordinates derived from an earlier iteration

of the global reference system.

4. — European Datum 1950
PN NANT o AAAINIAAIN LA o I

Altogether nine stations (or groups of stations) are available for relating
the European Datum of 1950 to the global reference system. Table 1 lists

the appropriate coordinates. The geoid heights have been estimated from



Fischer [12]. The average accuracies of the station coordinates, relative
to the Potsdam origin, have been estimated from the results summarized by
Whitten [13] as 3 X 10“'6 times the distance to the origin. This may appear
overoptimistic, but because of the seven-parameter transformation,
systematic distortions over the entire datum need not be considered in
assessing these accuracy estimates. Station heights above the reference
ellipsoid have been assumed to be accurate to £3 m, and no correlation

between horizontal and vertical positions has been assumed.

From initial comparisons between the two solutions, two results become
apparent immediately: there is a large-scale difference between the global
solution and EUR 1950, and stations 9074 (Riga) and 9115 (Oslo) give poor
agreement. Fig. 4 illustrates these results in the form of differences in
distances computed from the two solutions. Unfortunately, we do not have
enough information to assess the accuracy with which the geodetic coordinates
of station 9074 are known, while for station 9115 we consider the global solu-
tion to be suspect because of the limited data available and because of sys-
tematic timing errors that have been known to exist in satellite observations
from this station. For these reasons, these two stations have been rejected

from the datum adjustment.
Results

The solution for the seven transformation elements is

AX = -64.5+19.0 m w= 012 + 0!'4
AY = -154.8+ 11.0m U= 117 £ 017
AZ = -46.2 + 17.5 m ¢ = 114 + 04
AL = (<12.4 + 2. 6) x 10°° Gg=0.72




The corrections to the geocentric coordinates are given in Fig. 5, and
the corrections to the datum coordinates in Fig. 6. In most cases, these

corrections are smaller than the assumed accuracy estimates.

The angle between the xy and XZ planes is 6\ = +1!'4 £ 0!'6, the x axis
being to the east of the X axis, and the angle 8p between the two rotation

axes is 2.'2 £ 0!'7, in a direction 219° longitude (Fig. 7).

The scale difference indicates that the European Datum is too large by

12. 4 in 106 when compared with the scale based on GM.

Relating the Potsdam origin on EUR 1950 to the earth-centered ellipsoid
gives the following components of the deflection of the vertical to be added
to the values initially adopted for the origin:

68 = -31"16 én =-5I'"79 S6H=0.5m

Solving only for the scale and translation elements yields the following results:

AX = -26.8%+ 16.8 m AL = (-13.7+£3.5) X 10—6
AY = -121.0+x14.0m
AZ = -82.9+ 16.1 m o = 1.45

This solution is statistically still acceptable as FO. 95, l4,oo= 1.67.

However, the corrections to the heights again show systematic tendencies

(Fig. 6) so that the seven-parameter solution appears to be the better one.

In addition to the stations used in the above transformations, EUR 1950
coordinates of the following stations are available: 9002 — South Africa,
9006 — India, 9008 — Iran, 9028 — Ethiopia, and 7818 — Algeria. These sta-
tions have not been used in the datum adjustment because it is felt that they
are too far from the originto give transformation elements that are represen-

tative of EUR 1950 in Europe. With the above seven transformation elements,



the satellite-determined coordinates of these stations can be transformed

into EUR 1950 and compared with the datum values (Fig. 8 and Table 3). Geoid
heights were estimated from Fischer [12]. These comparisons indicate that,
even for such distant stations as South Africa, the datum coordinates are consis-

tent to about 1 in 105.

The similarity in the coordinate differences obtained for stations 9008
and 9006 suggests that the connection through Turkey and Iran may be in
error by about 30 m. Similarly, the coordinate differences for stations 9002
and 9028 suggest errors of about 40 m in the connection of the arc datum to

EUR 1950.

Bursa [7, 8] and Veis [ 9,10] have also given solutions for the European
Datum relative to the global system but did not attempt to solve for the scale
factor, which, as indicated in the present solution, is significant. Their
analysis was again limited by the few stations available, and Bursa, for
example, used stations 9008 in Iran and 9006 in India, which, as this analysis

has shown, are not connected reliably to the EUR Datum.
5.— South American Datum
A A A N TN N T N N

There are only three stations in South America whose coordinates in the
South American Datum 1956 (La Canoa origin) are available. These three
stations lie on the 13,000-km-long loop of triangulation around the northern
part of South America; its closing error appears to be less than 40 m
(Fischer and Slutsky [14]). In view of the large geoid-ellipsoid separation
in parts of South America, serious distortions, particularly in scale, may
be expected to exist. Table 1 gives the appropriate station coordinates.

The accuracy of the geodetic coordinates relative to the origin has been
taken as 40 parts in 13 X 106, or 3 in 106. The geoid heights are taken from
Fischer [15].



Results

Solving for the seven parameters gives

AX = -355,3+£31.0m w= =1'"4+ 0"'7
AY =194.3+17.6 m Y= 1'"2 £ 0"
AZ = -382.1 £ 18.4 m e = -0'"9+ 0'6
AL = (16.6 +2.8) x 10 ° crg= 0.27

The corrections to both sets of coordinates are always less than a few meters,
as would be expected since there are only two degrees of freedom in the

adjustment.

Solving only for the translation and scale parameters gives the following
results:

6

AX = -320.2+12.1m AL = (15.8 +4.1) X 107

I

AY = 203.8%£24.1m

AZ = -391.7%+7.5 m o, =2.4

The corrections to the coordinates in this case are considerably larger than

before (see Fig. 9), particularly for station 9029.
In view of the limited data available, the four-parameter solution is
considered to be the better one. For this solution, the additional deflections

to the La Canoa origin become

8 = -13.3 én=-6.4 5H = -70 m

10



6.— Conclusion
MmN A A A A A e SN

The comparisons between geodetic datums and the geocentric system
have indicated some large systematic '"discrepancies' between the corre-
sponding coordinates, discrepancies that could be reduced by the introduction
of scale and rotation parameters. These differences appear to be the result
of incorrect reductions of length measurements to the reference ellipsoid or
of the unknown character of the propagation of model errors rather than the
result of erroneous definitions of scale and orientation in establishing the
datum. Once these systematic tendencies have been removed, surface
triangulation appears to be reliable to about 2 or 3 in 106 over areas
of continental size and to about 1 in 105 over such large distances as Europe
to India and Europe to South Africa. Whether the transformation elements
are representative of the entire datum depends on the station distribution.
For example, in Europe the transformation elements may not be reliable
for stations in Scandanavia and the discrepancies found at Oslo and Riga
have to be resolved. Important new data now collected from satellite-
tracking cameras in Helsinki and Uppsala will help to resolve this problem.
For the SAD the transformation elements can be expected to be reliable only
for points in or close to the northern loop and, because of the steep astro-
geoid slopes, are certainly not expected to be representative for areas such
as Chile or Argentina. When the SAD 1956 coordinates of SAO stations in
Argentina become available, a new evaluation of this datum should give

improved results.

Future improvements for datum positions and adjustments can be
expected if more satellite-tracking stations participate. Bursa [7] gives
some requirements in this respect to determine the orientations of datums.
Improvements, particularly in the scale determination, will come from
simultaneous optical direction and laser range observations. Some work
for NAD has been done by SAO between its stations in Florida and New
Mexico (Liambeck [16]), and by Centre Nationale d'Etudes Spatiales and
Institute Géographique Nationale (Lefebvre [17]) in Europe.
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Figure 1 — Accuracy estimates of station positions in NAD 1927 relative to

the origin at Meades Ranch. The vectors (solid lines, seven-
parameter solution; dashed lines, four-parameter solution) repre-
sent the corrections to the geodetic coordinates resulting from
combination with the global solution. €., and ¢’ are height

H H
corrections (eH from the seven-parameter solution and ¢/, from

H

the four-parameter solution).
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Figure 3 — Position of the pole of NAD 1927 (z) relative to the pole of the global

solution (Z).
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Figure 6 — Accuracy estimates of stations derived from the global solution

(solid-line ellipses) and from the combination of this solution
with geodetic survey data (broken-line ellipses). The vectors
represent the corrections to the geocentric coordinates resulting

from this combination.
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Figure 7 — Position of the pole of EUR 1950 (z) relative to the pole of the global

reference system (Z).
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Figure 8 — Differences between satellite-solution coordinates transformed
into EUR 1950 and the EUR 1950 Datum coordinates. The numbers
in parentheses refer to differences in height above the reference
ellipsoid. Distances of the station from the origin are in

megameters.
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Table 2
Covariance matrix of the station coordinates in the NAD and
referred to the origin at Meades Ranch (units are metersz).
The last column gives the variances of the station heights

above the ellipsoid.

T

1034 9001 9113 7036 9050 1021 7037 1042 7045 7075 9010 9114
1034 19 1 1 8 8 8 7 7 1 10 7 19
9001 15 6 4 0 0 0 0 2 0 1 1
9113 20 3 0 0 0 0 4 0 0 1
7036 26 7 7 7 13 2 7 14 8
9050 50 41 14 37 0 27 16 8
1021 , 45 14 40 0 30 16 8
7037 21 7 0 7 14 7
1042 63 0 25 35 7
7045 4 0 0 0
7075 40 7 7
9010 57 7
9114 56
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Table 3

Differences in coordinates of stations tied to the EUR 1950 Datum.

¢ Mo He

and transformed into the EUR 1950 system. by M

are the coordinates obtained in the global solution

H

D’ Hp are the

coordinates in EUR 1950 obtained from terrestrial triangulation.

Proportional accuracy
relative to origin

Horizontal
Station ¢G - ¢D XG - )\D I—ICT -H position Height
7818 -0V'03 -11'13 25 m I in 90, 000 1 in 105, 000
9002 0.'19 21'30 135 m 130, 000 60,000
9006 -1!'54 092 58 m 110, 000 98,000
9008 1011 053 25 m 110, 000 160, 000
9028 -1!'15 1194 66 m 80, 000 80, 000
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